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AP® CALCULUS AB/CALCULUS BC

2017 SCORING GUIDELINES

Question 1

—

(a) Volume = j;OA(h) dh

~(2-0)-4(0)+(5-2)-4(2)+ (10 - 5)- A(5)
=2-503+3-144+5-6.5
=176.3 cubic feet

—

(b) The approximation in part (a) is an overestimate because a left Riemann
sum is used and A is decreasing.

10
(c) jo f(h) dh = 101325338

[\

The volume is 101.325 cubic feet.

(d) Using the model, V(%) = J()h Sf(x) dx.

[d.a]
pes  Ldh o dt Jy_s
_ Ldh
- [f(h) dt L_s
= £(5)-0.26 = 1.694419

av
dt

When # = 5, the volume of water is changing at a rate of
1.694 cubic feet per minute.
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Do not write beyond this border.

z 3 5
h 5
(feet) 0 2 5 10
A(h)
(square feet) || 903 | 144 | 6.5 29

1. A tank has a height of 10 feet. The area of the horizontal cross section of the tank at height & feet is given by
the function A, where A(h) is measured in square feet. The function A is continuous and decreases as h
increases. Selected values for A(k) are given in the table above.

(a) Use a left Riemann sum with the three subintervals indicated by the data in the table to approximate the
volume of the tank. Indicate units of measure.

Ve [2(03)4 3 (4U)+5(es)]
5 %3

(b) Does the approximation in part (a) overestimate or underestimate the volume of the tank? Expiain your
reasoning. ) : =
The QPPM-, madion In DAFT o (S 6N orestimate becavse A is a

d,q,u’a.o\é\ rvj f\mdﬁom.

Unauthorized copying or reuse of -4
any part of this page Is illegal.

© 2017 The College Board.
Visit the College Board on the Web: www.collegeboard.org.

Continue question 1 on page 5.

q Sy puokaq LM 10U O]

19pI0



) not write beyond this border.

(c) The area, in square feet, of the horizontal cross section at height h feet is modeled by the function f given

by f(h) = 052#. Based on this model, find the volume of the tank. Indicate units of measure.
0

+h
V-l
~ 101,225 #°

(d) Water is pumped into the tank. When the height of the water is 5 feet, the height is increasing at the rate
of 0.26 foot per minute. Using the model from part (c), find the rate at which the volume of water is
changing withjrespect to time 'when the height of the water is 5 feet. Indicate units of measure.
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Do not write beyond this border.

h
(feet) 0 2 5 10
Alh 2
, (squar(e )feet) 503 | 144 | 6.5 2.9

1. A tank has a height of 10 feet. The area of the horizontal cross section of the tank at height h feet is given by
the function A, where A(h) is measured in square feet. The function A is continuous and decreases as h
increases. Selected values for A(h) are given in the table above.

(a) Use a left Riemann sum with the three subintervals indicated by the data in the table to approximate the
volume of the tank. Indicate units of measure.

V = 6o (2) 40 A@] (AT M)
= (90 + (4D 60 )[763%

(b) Does the approximation in part (a) overestimate or underestimate the volume of the tank? Explain your

E The  volume 1S ove(esbmée:} berawe. the Pr(h) is
(Dnbn\now Ae(ﬂ?ﬂSVE 3y So dbber the \faue o Ah) af Ye ldd
RN dj' pocht Subin Yva A{h) I !uwer lw e W«sh» the

Swhintenal ( campored 1o ihf, et em)\ whch means dhe actiol
Volume shald e lower than B “(’_V"’mm“‘{“’”
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Do not write beyond this border.

(c) The area, in square feet, of the horizontal cross section at height & feet is modeled by the function f given

50.3
by f(h) = . 22 . Based on this model, find the volume of the tank Ind1cate umts of measure.

\J\\XW\C eq}m\s B J'OHM dh = & PP
( usc of | yagzhmj aleulabse)

0

~

(d) Water is pumped into the tank. When the height of the water is 5 feet, the height is increasing at the rate
of 0.26 foot per minute. Using the model from part (c), find the rate at which the volume of water is
changing with respect to time when the hﬁt of the water is 5.feet. Indicate units,of measure.

Vf fO-tollFE
ON (é 2~ <07 [02b) ’@g WEE/M)

e e’
e
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Do not write beyond this border.

(fé‘eo o | 2| 5 | 10

A(h) | 7 @
(square feet) 50.3 14.\‘9 6.5 9

1. A tank has a height of 10 feet. The area of the horizontal cross section of the tank at height & feet is given by
the function A, where A() is measured in square feet. The function A is continuous and decreases as
increases. Selected values for A(h) are given in the table above.

(a) Use a left Riemann sum with the three subintervals indicated by the data in the table to approximate the
volume of the tank. Indicate units of measure.

2\ M+ 3 (6.5) re(d)
29.9 * \c\o‘g .5 = 6 EY

T vuns e ank 8 T §® ALK, e
ufrg 6 Wk K\M an . Tum | Thy Al A4 The
Bk 15\ BEE L

(b) Does the approximation in part (a) overestimate or und¥restimate the volume of the tank? Explain your

reasoning.
bocuge the Bunction A S drureafing over the mienvel .
e twoen < W&\ the LEAR W on undliyr —2Shma
of the w\.u. e in he ek ) .

2:;‘;‘;',;’2:':,‘,’,:‘;?;;?;;,;-;? mJ e Continue question 1 on page 5.
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Do not write beyond this border.

(c) The area, in square feet, of the horizontal cross section at height h feet is modeled by the function f given

by f(h) = —0—529h3—h Based on this model, find the volume of the tank. Indicate units of measure.
s, o

e Volwme of fre fank 15 fhe JHyah.

® 703 dh = ye LD
RO {ic?h#h 10}«%2,13 }t

(d) Water is pumped into the tank. When the height of the water is 5 feet, the height is increasing at the rate
of 0.26 foot per minute. Using the model from part (c), find the rate at which the volume of water is
changing with respect to time when the height of the water is 5 feet. Indicate units of measure.

=2
4B - i B ein
a

b - S(W)F 902 hen h=5 = (249
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AP® CALCULUS AB/CALCULUS BC
2017 SCORING COMMENTARY

Question 1
Overview

In this problem students were presented with a tank that has a height of 10 feet. The area of the horizontal cross
section of the tank at height % feet is given by a continuous and decreasing function 4, where A(%) is measured
in square feet. Values of A(%) for heights # = 0, 2, 5, and 10 are supplied in a table. In part (a) students were

asked to approximate the volume of the tank using a left Riemann sum and indicate the units of measure. Students
needed to respond by incorporating data from the table in a left Riemann sum expression approximating

10
J-o A(h) dh using the subintervals [0, 2], [2, 5], and [5, 10]. [LO 3.2B/EK 3.2B2] In part (b) students needed to

explain that a left Riemann sum approximation for the definite integral of a continuous, decreasing function

50.3
2t 4 p
is presented as a model for the area, in square feet, of the horizontal cross section at height /# feet. Students were
asked to find the volume of the tank using this model, again indicating units of measure. Using the model f for

overestimates the value of the integral. [LO 3.2B/EK 3.2B2] In part (c) the function f given by f(4) =

10
cross-sectional areas of the tank, students needed to express the volume of the tank as Io f(h) dh and use the

graphing calculator to produce a numeric value for this integral. [LO 3.4D/EK 3.4D2] In part (d) water is pumped
into the tank so that the water’s height is increasing at the rate of 0.26 foot per minute at the instant when the
height of the water is 5 feet. Students were asked to use the model from part (c) to find the rate at which the
volume of water is changing with respect to time when the height of the water is 5 feet, again indicating units of
measure. Students needed to realize that the volume of water in the tank, as a function of its height 4, is given by

h
V(h) = .[o f(x) dx and then use the Fundamental Theorem of Calculus to find that the rate of change of the

volume of water with respect to its height is given by V'(%) = f(h). Then, using the chain rule for derivatives,

students needed to relate the rates of change of volume with respect to time and height and the rate of change of
the water’s height with respect to time. Information in the problem suffices to be able to find these rates when the
water’s height is 5 feet. [LO 2.3C/EK 2.3C2, LO 3.3A/EK 3.3A2] This problem incorporates the following
Mathematical Practices for AP Calculus (MPACs): reasoning with definitions and theorems, connecting concepts,
implementing algebraic/computational processes, connecting multiple representations, building notational
fluency, and communicating.

Sample: 1A
Score: 9

The response earned all 9 points: the units point, 2 points in part (a), 1 point in part (b), 2 points in part (c), and

3 points in part (d). The units point was earned because the units of ft* in parts (a) and (¢) and ft*/min in part (d)
are all correct. In part (a) the left Riemann sum point was earned by the numerical expression in the first line. This
expression would have also earned the approximation point without simplification. The student chooses to
simplify, does so correctly, and thus earned the approximation point. In part (b) the statement “overestimate
because A is a decreasing function” earned the point. In part (c) the definite integral earned the integral point, and
101.325 earned the answer point. In part (d) the second line on the right earned the 2 points for ‘2—2/ The third
line on the right would have earned the answer point without simplification. The student chooses to give a final
answer of 1.694 that is computed correctly and earned the answer point.

© 2017 The College Board.
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AP® CALCULUS AB/CALCULUS BC
2017 SCORING COMMENTARY

Question 1 (continued)

Sample: 1B
Score: 6

The response earned 6 points: the units point, 2 points in part (a), 1 point in part (b), 1 point in part (c), and

1 point in part (d). The units point was earned because the units of ft* in parts (a) and (c) and ft*/minute in part (d)
are all correct. In part (a) the left Riemann sum point was earned by the symbolic expression in the first line. The
approximation point was earned by the second line. The numerical expression in the second line would have
earned the approximation point without simplification to 176.3. The student chooses to simplify, does so
correctly, and thus earned the approximation point. In part (b) the response of “overestimated” with the reason

that “ 4(h) is continuously decreasing” earned the point. In part (c) the expression I;O f(h) dh earned the
integral point. The answer of 101 did not earn the answer point because the result is not accurate to three places
after the decimal point. In part (d) the equation il_lt/ =[f(5)-f (0)]% earned 1 of the 2 CZ—I; points for using
the chain rule. The student has made an error in the application of the Fundamental Theorem of Calculus. The

numerical evaluation of the student’s expression for CZ—I; is not eligible to earn the answer point.

Sample: 1C
Score: 3

The response earned 3 points: no units point, no points in part (a), 1 point in part (b), 2 points in part (c), and no
points in part (d). The units of ft/min? in part (d) are incorrect, so the student did not earn the units point. Because
the student uses a right Riemann sum, no points were earned in part (a). The confusion of left with right has
implications in part (b). Because the setup in part (a) for a right Riemann sum is accurate, the student is eligible to
earn the point in part (b) if the response is consistent for a right Riemann sum. In part (b) the implication that 4 is
decreasing leads to an “under-estimate” is consistent with a right Riemann sum. Thus, the student earned the

10
point. In part (c) f % dh earned the integral point, and 101.325 earned the answer point. In part (d) no
0o e +

points were earned because the statement of c;_lt/ = f(h) is incorrect, and the remaining work only implies,

incorrectly, that ci,—rt/ = f(5) = 6.517. The answer point was not earned because the student’s expression for ‘2—2/

is not eligible to earn the answer point.

© 2017 The College Board.
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AP® CALCULUS BC

2017 SCORING GUIDELINES

Question 2

@) 5 j(f/ 2(f(0)) d = 0.648414

The area of R is 0.648.

® [}((@0)" -0 ) a0 =3[ (e - (1017 a0

[£((e0)7 - (r0)?) a0 = [ ((2(0)7 - (1(0)) a0

() w(0) = g(0) - f(0)

7/2
[ wo) o
wy =" —0.485446
T
-0

The average value of w(@) on the interval [0, %} is 0.485.

(d) w(8) =w, for 0<6 < % = 6 =0.517688

w(0) = w, at @ = 0.518 (or 0.517).

w(0.518) < 0 = w(@) is decreasing at & = 0.518.

© 2017 The College Board.
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10 not write beyond this border.

[\

2. The figure above shows the polar curves r = f(6) = 1 + sin 6 cos(26) and r =-g(8) = 2cos 6 for
0<6< % Let R be the region in the first quadrant bounded by the curve r = f(6) and the x-axis. Let S be

the region in the first quadrant bounded by the curve r = f(6), the curve r = g(6), and the x-axis.

(a) Find the area pf R.

| ki 5
0= 7 4y 4y =00

(b) Theray 8 =k, where 0 < k < ﬁ, divides S into two regions of equal area. Write, but do not solve, an
. 2

equation involving one or more integrals whose solution gives the value of k.

L Gl fofao-+

Unauthorized copying or reuse of =t Continue question 2 on page 7.
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(c) Foreach 8, 0 <8< % let w(8) be the distance between the points with polar coordinates (f(6), )

( g(6’) 6). Write an expression for w(6). Find wy, the average value of w(8) over the interval 0 < 6 <

W(8)- Zcos@-f— Sinlos(16)
(6)d¢ = 0.9%5

an
X
9

Oué"@@ﬂ Ua\dﬁ - 7T g

(d) Using the information from part (c), find the value of @ for which w(6) = wy. Is the function w(6)
increasing or decreasing at that value of 6 7 Give 2 reason for your answer.

W)= 0-R549613557 B
C»Cl\(. ‘\.\\e‘(Sf/:\’: (5 “}‘(\!’C U\)\-&f\ \é?: O 5 /

0.3\ K TS

§in§ce '\J\(@ L
hew V(R s Jeceasy ax 0517

A en B2 05T 8 ey (o

:19pI0q ST pPUoAaq 2)1M JOU O(]

R\

—
o —

L
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The figure above shows the polar curves r = f(8) = 1 + sin 8 cos(26) and r = g(8) = 2cos 6 for
0<6< % Let R be the region in the first quadrant bounded by the curve r = f(6) and the x-axis. Let S be

the region in the first quadrant bounded by the curve r = f(8), the curve r = g(8), and the x-axis.

(a) Fin dtheareaofR

q{«‘ ((-f <ind cos@@\ 0 =

(b) Theray 6 = k, where 0 < k < % divides S into two regions of equal area. Write, but do not solve, an

i volvmg one or more integrals whose soluuon gives the value of %. N -

S(zcose) © :-‘—S czccs@) ey

(]

"19p10q SIY) puokaq 21LIM 10U O]
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(c) Foreach§, 0<86< %, let w(8) be the distance between the points with polar coordinates (f(8), 8) and
. (g(8), 6). Write an expression for w(6). Find wy, the average value of w(8) over the interval 0 < 6 < %
w(@” a 2(:056 = if = S(V\QC OSCL@} )
Mi (1cen® -3 - sin8 cos(’Le»de //‘
0 —
L
(d) Using the information from part (c), find the value of 8 for which w(8) = wj. Is the function w(6)
increasing or decreasing at that value of & ? Give a reason for your answer.
0.4Y85 ~ZcosO — \’SW\@COS(ZG)
8 =0.59
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Do not write beyond this border.

{8

2. The figure above shows the polar curves » = £(6) = 1 + sin 6 cos (26) and r = g(6) = 2cos 8 for

0<6< % Let R be the region in the first quadrant bounded by the curve r = f(8) and the x-axis. Let § be

the region in the first quadrant bounded by the curve r = f (), the curve r = g(8), and the »-axis.

(2) Find the area of R.

51% (\+3inb 020y do =, bUS
o .

i .
(b) Theray 6 = k, where 0 < k < 5 divides S into two regions of equal area. Write, but do not solve, an

equation involving one or more integrals whose solution gives the value of %.

L = ‘Z [S:til(l(_'%@\)?’d@ - Sf -‘i(ws‘meco,-sze)lcle]

Unauthorized copying or reuse of | . =6 Continue question 2 on pace 7.
any part of this page is illegal. { - =S
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(c) Foreach 8, 0 <6< -725 let w(6) be the distance between the points with polar coordinates (f (6), 8) and
T

(£(8), 6). Write an expression for w(6). Find wy, the average value of w(6) over the interval 0 < 6 < 5

w<e\=3f63~4(6)

' : 2

12P10Q $1U1 PUOA2Q 2111A 10U oct

&
(d) Using the information from part (c), find the value of 6 for which w(8) = wy. Is the function w(8)
increasing or decreasingl at that value of @ ? Givea reason for your answer. .
; i © cosO)
‘5%0\—,(zcose L4 )
r
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AP® CALCULUS BC
2017 SCORING COMMENTARY

Question 2
Overview

In this problem a polar graph is supplied for the curves f(0) =1+ sin cos(20) and g(&) = 2cos O for
0<O< % Regions R, bounded by the graph of » = f(&) and the x-axis, and region S, bounded by the graphs

of r = f(0), r = g(0), and the x-axis, are identified on the graph. In part (a) students were asked for the area of
R. Students needed to recognize that region R is traced by the polar ray segment from » = 0 to » = f(6) for

2
0<6< % and use the graphing calculator to evaluate the area of R as the numeric value of %I;/ (f(6))* do.
[LO 3.4D/EK 3.4D1] In part (b) students were asked to produce an equation involving one or more integrals that

can be solved for £, 0 < k < %, such that the ray @ = k divides S into two regions of equal areas. Students

needed to recognize that region S is traced by the polar ray segment from » = f(0) to r = g(8) for 0 < 6 < %
k
The ray 6 = k divides S into two subregions with areas %J.o (( g(0)) - (f (9))2) d6@ and

/2
%.[k / (( g(0)* - (f (0))2) d@. Students should have reported an equation equivalent to setting these two
expressions equal to each other, or setting one of them equal to half of the area of S, which is given by
2
%J?/ ((g(l9))2 - (f(H))2) d@. [LO 3.4D/EK 3.4D1] In part (c) w(8) is defined as the distance between the

points with polar coordinates (f(8), #) and (g(6), ). Students were asked to write an expression for w(8)

and to find w,, the average value of w(&) for 0 < @ < % Students needed to recognize that

/2
[ (o) a0
w(0) = g(0) — f(0) and use the graphing calculator to evaluate the average value w, = 07[—.
Z_o
2

[LO 3.4B/EK 3.4B1] In part (d) students were asked to find the value of & for which w(8) = w,, and to
determine whether w(@) is increasing or decreasing at that value of &. Importing the value of w, from part (c),
students needed to use the graphing calculator to solve w(&) = w to obtain 6 = 0.517688. Students should have
reported this value rounded or truncated to three decimal places. Students should then have reported that w(8) is

decreasing at this value of @ because the calculator reports a negative value for w'(0.517688).

[LO 3.4D/EK 3.4D1] This problem incorporates the following Mathematical Practices for AP Calculus (MPACs):
reasoning with definitions and theorems, connecting concepts, implementing algebraic/computational processes,
connecting multiple representations, building notational fluency, and communicating.

Sample: 2A
Score: 9

The response earned all 9 points: 2 points in part (a), 2 points in part (b), 3 points in part (c), and 2 points in

part (d). In part (a) the first point was earned for the integral IO? f (t9)2 d@. The second point was earned for the

k
answer of 0.648. In part (b) the first point was earned by either J.o [ g(H)2 - f (H)ZJ do or

© 2017 The College Board.
Visit the College Board on the Web: www.collegeboard.org.



AP® CALCULUS BC
2017 SCORING COMMENTARY

Question 2 (continued)

T
Ikz [ g (49)2 - f (0)2] d6. The second point was earned for a correct equation using these two integral

expressions. That is, the second point was earned for the student’s equation
k z
%J.o [g(@)2 - f(H)Z] do — %J.kz [g(@)2 - f(H)Z] d@ = 0. In part (c) the first point was earned for the

student’s expression w(6) = 2cos @ — 1 — sin @cos(26). The second point was earned for the integral
T

j(? w(0) d6. The third point was earned for the average value answer of 0.485. In part (d) the first point was

earned for solving w(8) = 0.4854461355 to get & = 0.517. The second point was earned for the student’s
conclusion that “Since w'(6) is negative then w(8) is decreasing at @ = 0.517.”

Sample: 2B
Score: 6

The response earned 6 points: 2 points in part (a), no points in part (b), 3 points in part (c), and 1 point in part (d).

V3
In part (a) the first point was earned for the integral JOZ (1+ sin 6’cos(2<9))2 d6. The second point was earned for

the answer of 0.648. In part (b) the first point was not earned because the student does not present a correct
integral expression with an integrand in the form (g(6))* — (/(6))*. The student’s integral expressions only
involve g(@) and do not involve f(&). Because the first point was not earned, the student is not eligible for the

second point. In part (c) the first point was earned for the student’s expression
w(0) = 2cos @ — 1 — sin fcos(26). The second point was earned for the integral

T
J.oz (2cos @ —1 —sin Ocos(20)) d6. The third point was earned for the average value answer of 0.485. In part (d)
the first point was earned for solving w(&) = 0.485 to get € = 0.518. Because the student does not provide a

conclusion for whether w(6) is increasing or decreasing, the second point was not earned.

Sample: 2C
Score: 3

The response earned 3 points: 2 points in part (a), no points in part (b), 1 point in part (¢), and no points in

T
part (d). In part (a) the first point was earned for the integral IOZ (1+ sin &cos 219)2 d@. The second point was

earned for the answer of .648. In part (b) the first point was not earned because the student does not present a
correct integral expression where one of the limits of integration is 4. The student is not eligible to earn the
second point without earning the first point. In part (c) the first point was earned for the expression

w(0) = g(0) — f(0). The second point was not earned because the student’s integral expression

T T
Ioz %(2 cosd)® db — IOZ %(1 +sin @cos B)* d@ is incorrect. The third point was not earned because the student’s

answer of .359 is incorrect. The third point can only be earned with the average value answer 0.485. In part (d) the

first point was not earned because the student does not solve w(&) =.359. Without a value for 6, the student is
not eligible for the second point.

© 2017 The College Board.
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Question 3

@) S(-6)= (-2 + [ f(x) de =7 [ (x)ds=7—4=3

F&) = f(-)+ [ f(x)de=T-27+3=10-2z

(b) f'(x) > 0 on the intervals [—-6, —2) and (2, 5).

Therefore, f is increasing on the intervals [—6, —2] and [2, 5].

(c) The absolute minimum will occur at a critical point where f'(x) =0
or at an endpoint.

fl(x)=0 = x=-2,x=2

x f(x)
-6 3
-2 7

2 7-2r
5 10 - 27

The absolute minimum value is f(2) = 7 — 27.

(@ f'(=5)= —62—;(92) = —%

L L) - fG)
3

X —

=2 and 1imw:—l

x—3" x—3% x=3

f"(3) does not exist because
lim L) =SC) g, S =C)

x—3" X = x—3% x=3

© 2017 The College Board.

3:

2

1 : uses initial condition
1 £(-6)
1: f(5)

: answer with justification

5. 1 : considers x = 2

2:

" | 1 : answer with justification

L f(=5)
1: f"(3) does not exist,

with explanation
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3A\ o]

Graph of f’

3. The function f is differentiable on the closed interval [—6, 5] and satisfies f (=2) = 7. The graph of f’, the
derivative of f, consists of a semicircle and three line segments, as shownfm the figure above.

(a) Find the values of f(—6) and f(5).

peey 45 0 by f>

B (el ~— 3

£y = £+ 5 Fior)d
sz w0-2r

(b) On what ihtervals is f increasing? Justify your answer.

2 Aormsmj o >( ((9 :}
v @e 5) S\ ine 7(/ 0
fee w\«%?wa\\ e Cla)ulrs)

Unauthorized copying or reuse of - ' 1 3
L!ﬂv taortyd Sopying of ree J 14- Continue question 3 on page 15.
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The -aio'sb‘\w.k n"\““”‘”m E’A&Qo\/\\/). |

of FaChS]e g py=3
L0 3 Sinde . £ (gy= 10727
p(2) LAVl el parh

- ke endpo{/ﬂ’s P = |
wd F(23 4 L B A B

et el Pty Dy 7.7
by euT - ,

i (d) For each of f”(—5) and f”(3), find the value or explain why it does not exist.

J;“(%} ,—’DN’@: as i
N, ?0@ -2’ £ i %(3 2

e | \"'}}3+ )(’53" 3
TFQ(Q%(Q \Jr (S (ﬂﬂpaiﬂﬁe fo
bl o i‘m&%v{ Gt (=3

ino

C L ..

T d -15- GO ON TO THE NEXT PAGE.

any part of this page is illegal,
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Graph of f”

3. The function fis differentiable on the closed interval [—6, 5] and satisfies f (—=2) = 7. The graph.of /7, the
.dcrivative of f; consists-of a semicircle ‘and threé line segments, as shown in the figure.above.

(a) Fmd the values of f(~%6) and f(S)

F-4)= #6-2 ge{(x
f-4)=3- 432 -]

Frsy= F(-ny+ (580 dx

Brey o o 3x2 Liteen® o] =)
frs) = 34 222 -omx2 —’lé—-zn) |

“I9PI0Q, S1U) PUOASQ 2ILIM 10U OCT

(b) On what intervals is fincreasing? Justify your answer,

Since on intenvols of (6.2) and [2 >) £x) >0
then F ¥) 1$ w\c,re.asmj on interrals [-6,2] and [2,5]

Bmuthorized copying or reuse of | - -14- Confinue question 3 on page 15.
any part of this page is illegal,
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(€) Find'the absolute minimum value of f on the closed interval [—6, 5] Jusufy your answer.

2Iy) has its abslute minimum on € (ther tuo w,m,ms;%;mgm
a('(arv{ihj h the yf:af-émv f(— 2) ’,70{2): 0 |

X | CLordma o Fhe Table, Pfy//’mcﬁa ;
T 3 its aééo/u/z‘e_ 101 AR V@/ft 727,
RN ¥=Z

T F-2T

.‘5 } [D-2T

Do not write beyond this border.

(d) For each of f”(~5) and f”(3), find the value or explain why it does not exist.

f(-5)- ;(0-{’707“/")(:»3’ *’ZE -2

2

Since ﬁ:m (/W%ﬁfrm F'lx)
A3 X7 )
-/'Acn fx) /S not //ﬁfrenfmé/e af’?’/} N

{'Amz@re L £'3) pfoes net exist -

3%z

Unauthorized copying or reuse &f s =15~ GO ON TO THE NEXT PAGE.
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Y
L
y
!
(~6,2) [ 62
14
+ Qy : X
Graph of f’

3. The function f is differentiable on the closed interval [—6, 5] and satisfies f(—2) = 7. The graph of f”, the
derivative of f, consists of a semicircle and three line segments, as shown in the figure above.

(a) Find the values of f(—6) and f(5).
- 2 b
f(-€)=5x(2) =75
HMs) = o

(b) On what intervals is f increasing? Justify your answer.
F?UW( [—6, —2] Qyw( EQ' SJ ; .JE K9 |hOl’P<‘-tS‘l'v bC(Ou{LC 'HLC jz&(}?/\
mE F'o)is 70 fom (-6.-2) and (2,5)

|

Unauthorized copying or reuse of =14- onti 3 )
any part of this page is Illegal. 14 Continue question 3 on page 15
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(¢) Find the absolute minimum value of f on the closed interval [—6, 5]. Justify your answer.
\ 13
—NA@ a{)yo{(/.{C e kg i value 0'}!' o af ¥ =2

AL ( /1 ,b ”f)/ (‘Aﬁm €S fie —p,-\ 1-;&’[‘}{
beoaouc e jf/«_f c”{ ) j»t Lo¥h 4@:

do fwu'r{n{. ot % =2 .

Do not write beyond this border.

(d) For each of f(—5) and f”(3), find the value or explain why it does not exist.
$UG) 5 on i fec fion P\fmé becawpe F' inareasec on I 2,
ancl decroges on [2,4] _‘
PUs) pher udk exisd beconse te (/MfA of ' Aot
L-é.-é] has o J/»V)& S{—S—? _

Unauthorized copying or reuse of _1 5_ GO ON TO THE NEXT P AGE.

ny part of this page is lliegal.
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Question 3
Overview

In this problem students were given that a function f is differentiable on the interval [—6, 5] and satisfies

f(-2) =7. For =6 < x < 5, the derivative of f is specified by a graph consisting of a semicircle and three line
segments. In part (a) students were asked to find values of f(—6) and f(5). For each of these values, students
needed to recognize that the net change in £, starting from the given value f(—2) = 7, can be computed using a
definite integral of f”(x) with a lower limit of integration —2 and an upper limit the desired argument of f. These
integrals can be computed using properties of the definite integral and the geometric connection to areas between
the graph of y = f'(x) and the x-axis. Thus, students needed to add the initial condition f(-2) = 7 to the values

of the definite integrals for the desired values. [LO 3.2C/EK 3.2C1] In part (b) students were asked for the
intervals on which f is increasing, with justification. Since f” is given on the interval [—6, 5], f is differentiable,

and thus also continuous, on that interval. Therefore, 1 is increasing on closed intervals for which f’(x) > 0 on
the interior. Students needed to use the given graph of f” to see that f”(x) > 0 on the intervals [-6, —2) and
(2,5), so fis increasing on the intervals [-6, —2] and [2, 5], connecting their answers to the sign of f".

[LO 2.2A/EK 2.2A1-2.2A2, LO 2.2B/EK 2.2B1] In part (c) students were asked for the absolute minimum value
of f on the closed interval [—6, 5], and to justify their answers. Students needed to use the graph of " to identify

critical points of f on the interior of the interval as x = —2 and x = 2. Then they can compute f(-2) and f(2),

similarly to the computations in part (a), and compare these to the values of f at the endpoints that were computed
in part (a). Students needed to report the smallest of these values, f(2) = 7 — 27 as the answer. Alternatively,

students could have observed that the minimum value must occur either at a point interior to the interval at which
f' transitions from negative to positive, at a left endpoint for which " is positive immediately to the right, or at

a right endpoint for which /" is negative immediately to the left. This reduces the options to f(—6) = 3 and
f(2)=7-2x. [LO 2.2A/EK 2.2A1-2.2A2,LO 2.2B/EK 2.2B1, LO 3.3A/EK 3.3A3] In part (d) students were
asked to determine values of f"(—5) and f"(3), or to explain why the requested value does not exist. Students
needed to find the value f"'(—5) as the slope of the line segment on the graph of /' through the point
corresponding to x = —5. The point on the graph of /" corresponding to x = 3 is the juncture of a line segment
of slope 2 on the left with one of slope —1 on the right. Thus, students needed to report that f”'(3) does not exist,
and explain why the given graph of f’ shows that f” is not differentiable at x = 3. Student explanations could

be done by noting that the left-hand and right-hand limits at x = 3 of the difference quotient % have

differing values (2 and —1, respectively), or by a clear description of the relevant features of the graph of f” near

x = 3. [LO 1.1A(b)/EK 1.1A3] This problem incorporates the following Mathematical Practices for AP Calculus
(MPAC:s): reasoning with definitions and theorems, connecting concepts, implementing algebraic/computational
processes, connecting multiple representations, building notational fluency, and communicating.

Sample: 3A
Score: 9

The response earned all 9 points: 3 points in part (a), 2 points in part (b), 2 points in part (c), and 2 points in
-6
part (d). In part (a) the student uses the initial condition f(—2) with an appropriate definite integral j , Sf'(x) dx

to find f(—6) = 3. Thus, the student earned the first and second points. The student uses f(-2) again with an

© 2017 The College Board.
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Question 3 (continued)

5
appropriate definite integral le Sf'(x) dx to find f(5) =10 — 2z. The student earned the third point. In part (b)

the student states two correct and complete intervals, [-6, —2] and [2, 5], where f is increasing. The student
justifies the intervals with a discussion of /" > 0 for [-6, —2) and (2, 5). The student earned both points. In
part (c) the student considers x = —6, —2, 2, and 5 as potential locations for the absolute minimum value. The

student earned the first point for considering x = 2. The student identifies the absolute minimum value as
7 — 27. The student justifies by evaluating f'(x) at the critical values and endpoints. The student earned the

second point. In part (d) the student finds f"(-5) = —% and earned the first point. The student states that f"(3)

does not exist. The student uses two one-sided limits at x = 3 to explain why the derivative of f”(x) does not
exist and earned the second point.

Sample: 3B
Score: 6

The response earned 6 points: 3 points in part (a), no points in part (b), 2 points in part (c), and 1 point in part (d).
)

In part (a) the student uses the initial condition f(—2) with an appropriate definite integral I . f'(x) dx to find

f(—6) = 3. Thus, the student earned the first and second points. The student uses f(-2) again with an

5
appropriate definite integral le f'(x) dx to find f(5) =10 — 2z. The student earned the third point. In part (b)

the student presents two intervals, [-6, 2) and (2, 5). Because f”(x) < 0 on (-2, 2), f is decreasing on

[-2, 2]. The student is not eligible to earn any points because of the presence of an interval containing points
where f’(x) < 0. Thus, the student did not earn any points. In part (¢) the student investigates where f’(x) =0
and identifies f'(-2) and f”(2). The student earned the first point for considering x = 2. The student identifies
the absolute minimum value as 7 — 27. The student justifies by evaluating f'(x) at the critical values and
endpoints. The student earned the second point. In part (d) the student identifies f"'(—5) as the derivative of

f'(x) at x = -5 and finds f"(-5) = _%

not exist. The student uses two one-sided limits at x = 3. The student states that “ f(x) is not differentiable at
x = 3,” which contradicts the given statement in the problem that f is differentiable on the closed interval
[-6, 5]. The student did not earn the second point.

. The student earned the first point. The student states that f"'(3) does

Sample: 3C
Score: 3

The response earned 3 points: no points in part (a), 2 points in part (b), 1 point in part (c), and no points in

part (d). In part (a) the student never uses the initial condition, incorrectly evaluates f(—6) as %, and incorrectly
evaluates f(5) as 0. The student earned no points. In part (b) the student states two correct and complete
intervals, [—6, —2] and [2, 5], on which f is increasing. The student justifies the intervals with “ f'(x) is > 0
from [-6, —2) and (2, 5).” The student earned both points. In part (c) the student considers x = 2 and earned

the first point. The student presents an incorrect answer for the absolute minimum value with an incorrect
justification. The student does not evaluate f(x) at the critical values and endpoints in order to determine the

© 2017 The College Board.
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Question 3 (continued)

absolute minimum value. The student did not earn the second point. In part (d) the student incorrectly determines

that f”(-5) has a value of % and did not earn the first point. The student states that “ /(3) is an inflection

point” and does not state that f”'(3) does not exist. The student did not earn the second point.

© 2017 The College Board.
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Question 4

(a)

(b)

(c)

H'(0) = —%(91 ~27)=-16
H(0) =91

An equation for the tangent line is y = 91 —16¢.

The internal temperature of the potato at time ¢ = 3 minutes is
approximately 91 —16-3 = 43 degrees Celsius.

d’H _ _1dH _(_1\ 1y _opy = Loy
a2 4 dt _( 4)( 4)(H 27)_16(H 27)

2
H>27 fort>0 = d]j:i(H—27)>0fort>O
dt 16

Therefore, the graph of H is concave up for ¢ > 0. Thus, the
answer in part (a) is an underestimate.

dG
(G -27)*/3

dG
J(G—27)2/3 =Jena
3(G-27)3 ==t+C
391-27)F =0+C = C=12
3(G-27)* =121+

12 —¢
3

= —dt

3
G(t)=27+( ) for 0 <t <10
The internal temperature of the potato at time ¢ = 3 minutes is

12 -3
3

3
27 + ( ) = 54 degrees Celsius.

© 2017 The College Board.

1 : slope
3: 4 1:tangent line
1 : approximation

1 : underestimate with reason

1 : separation of variables

1 : antiderivatives

1 : constant of integration and
uses initial condition

1 : equation involving G and ¢

1:G(¢) and G(3)

Note: max 2/5 [1-1-0-0-0] if no constant
of integration

Note: 0/5 if no separation of variables
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4. Attime ¢ = 0, a boiled potato is taken from a pot on a stove and left to cool in a kitchen. The internal
temperature of the potato is 91 degrees Celsius (°C) at time ¢ = 0, and the internal temperature of the potato

is greater than 27°C for all times # > 0. The internal temperature of the potato at time ¢ minutes can be

d 1
modeled by the function H that satisfies the differential equation d_il =— Z(H — 27), where H(t) is

measured in degrees Celsius an(i: H(0) = 91. R

o
(a) Write an equation for the line tangent to the graph of H at t = 0. Use this equation {0 approximate the
internal temperature of the potato at time ¢ = 3. ? Ay I

b 1
M) = i (=) + 0 ). ) +4) o

o -4Y¢ 1l W "t—z

b)) =i £“'+q |

g
|

2
d°H : ; ; . .
(b) Use 7— to determine whether your answer in part (a) is an underestimate or an overestimate of the
t

internal temperature of the potato at time 7 = 3.

dp= -1(n) B7 B boal £79
,1 ey M
L —l(dw ﬁﬁz s awas \OOSW{’ )

o L"&T; P\ ‘
- o ) i

df - L(H fﬁ) [,Um){fe%m&_

—————

~

l
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(¢) For t < 10, an alternate model for the internal temperature of the potato at time ¢ minutes is the function
dG
G that satisfies the differential equation = (G- 27)2/ 3 where G(t) is measured in degrees Celsius
s ™~ / '
and G(0) = QﬁFind an expression for Gﬁ))Sased on this model, what is the internal temperature of the

potato at time t = 3 ?

300
%D? :i(c,-zn)jt/’? 6(3) - (%*% 119
f’ a0 <(-lolf | - < 3)"_ N3

) (™ |
J (Ga)™ d6= ~F1C = FAF

3 ()" JErG | M

-K ( Cfr'?,'l\\é v ‘32 365

sl p D
C;——Z."Z = (»—;2/4—(1 ,
6= (£ Hea
‘ 0\3( @)0\\)
a= (9 )+

) )
q\ = \(I R;‘( an
¢4 .-vi((f%f.ﬁ Ol

= |

/ (> (/J;) = (‘%: ;‘-L\?Q:f\ll
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Do not write beyond this border.

4, Attime r = 0, a boiled potato is taken from a pot on a stove and left to cool in a kitchen. The internal

temperature of the potato is 91 degrees Celsius (°C) at time ¢ = 0, and the internal temperature of the potato

is greater than 27°C for all times 7 > 0. The internal temperature of the potato at time ¢ minutes can be

dH
modeled by the function H that satisfies the differential equation —

e —%(H — 27), where H(t) is

!

measured in degrees Celsius and H(0) = 91.

(a) Write an equation for the line tangeni to the graph of H at ¢t = 0. Use this equation to approximate the
q ; q pp .
internal temperature of the potato at time ¢ = 3. 0 yOYima "“ b al

s . Bp .
4»”1\4’_(.5“ ) Hane T=13°
dH - |
i - (bH) vy =le(3) ”(

dHv. .1 _-qy%—%
T 7~

9= -1bd A
Vd:,“,.uqﬁ

—— PEES e

feon f’.chr\ + line’

2
(b) Use 7-2— to determine whether your answer in part (a) is an underestimate or an overestimate of the
f

internal temperature of the potato at time 7 = 3,

: f—'-(H-zw) un

Unauthorized copying o reuse °f| ‘ -16- Continue question 4 on page 17.

any part of this page is lllegal.
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Do not write beyond this border.

(¢) Fort< 10, an alternate model for the internal temperature of the potato at time  minutes is the function
G that satisfies the differential equation %C:— =—(G - 27)2/ 3, where G(t) is measured in degrees Celsius
and G(0) = 91. Find an expression for G(¢). Based on this model, what is the internal temperature of the

potato attime ¢ = 3 ?

_ {
2 -((,-_?.7)4'/3

d&6 = | d+F
S 6,(‘5)"L_.._ 34—17

= \/‘5 " +- X C'
-— 17 < s
3o ) 603) —‘-(S')g*c?.‘?

3¢a1-21) % - O 0

% {éb[)\”’ _ 6’63) [ZS‘"I'7—7
| . &= 52
'S(‘Lf?)v;c 290 av Fimt
\
2 (L Lp=0T) ’5 = 4+t R //
7 FEVS
& -2 )__N_M;% ) 1
G‘C_*') (-‘—Hl *zﬂ
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4. Attime f = 0, a boiled potato is taken from a pot on a stove and left to cool in a kitchen. The internal
temperature of the potato is 91 degrees Celsius (°C) at time ¢ = 0, and the internal temperature of the potato

is greater than 27°C for all times ¢ > 0. The interal temperature of the potato at time # minutes can be

dH
modeled by -the function H that satisfies the differential equatio: i Z(H — 27), where H(t) is

measured in degrees Celsius and H(0) = 91.

(a) Write-an equation for the line tangent to the graph of H at ¢ = 0. Use this equation to approximate the
internal temperature of the potato at time t = 3.

QL_‘:’": ~_‘(CHKL’15 H-‘c\l:--lﬁs("\'-y
H

ot H=—tut <

’/"”L LYy )~

' ‘”‘( ) e =1l 3+ 1
HE —eypral
(H gzoC |

2
d“H . . . ; .
(b) Use ——d 5 to determine whether your answer in part (a) is an underestimate or an overestimate of the
1 .

internal temperature of the potato at time/t,=_,3..,....." S mmmiemre e m——— St e e

é.H- q H4+ 20 /,’ ’W\\S TS e wndevestivmed

-— d+ pA

N
12
\\\/ At 4 QYQ both olecveas :r'\j
| Ot R iy et s ofJ -16- , - Continue question 4 on page 17.
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-
s

) ij t < 10, an alternate model for the internal temperature of the potato at time 7 minutes is the function
N dG . ~

that satisfies the differential equation i (G- 27)2/ 3 where G(t) is measured in degrees Celsius
and G(0) = 91. Find an expression for G(t). Based on this model, what is the internal temperature of the

potato at time ¢ = 3 ?

,Eé“ﬁ’ < - Cér?f‘\b}?
i Onl

“IAnIOa STn D

Ak - CCﬂ”L'ﬁfgd’J‘- ; 4-?\0
ot oV AN
3 AS Ga=2] ~ FTu
Grl) = 5(%”7) s ) 3
e =l
C’?U’\t'futﬁ A P -
+ ¥ £
< = LR { 5
<’.' C ) "_...3_. ( C’l g ?/"7) . /
S K‘] Ay ///
, > T gl
=2 (ai-21)
5
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Question 4
Overview

The context for this problem is the internal temperature of a boiled potato that is left to cool in a kitchen. Initially
at time ¢ = 0, the potato’s internal temperature is 91 degrees Celsius, and it is given that the internal temperature
of the potato exceeds 27 degrees Celsius for all times ¢ > 0. The internal temperature of the potato at time ¢

minutes is modeled by the function H that satisfies the differential equation a;_l;l = —%(H —27), where H(t) is

measured in degrees Celsius and H(0) = 91. In part (a) students were asked for an equation of the line tangent to
the graph of H at ¢ = 0, and to use this equation to approximate the internal temperature of the potato at time
t = 3. Using the initial value and the differential equation, students needed to find the slope of the tangent line to

be H'(0) = —%(91 —27) = —-16 and report the equation of the tangent line to be y = 91 —16¢. Students needed

to find the approximate temperature of the potato at # =3 tobe 91 —16-3 = 43 degrees Celsius. [LO 2.3B/EK

2

2.3B2] In part (b) students were asked to use d 51

to determine whether the approximation in part (a) is an

dt
underestimate or overestimate for the potato’s internal temperature at time ¢ = 3. Students needed to use the
2
given differential equation to calculate Cil—gl = —%dd—il = %(H —27). Then using the given information that the
t

2
temperature always exceeds 27 degrees Celsius, students needed to conclude that dd ]2{
t
the graph of H is concave up, and the line tangent to the graph of H at ¢ = 0 lies below the graph of H (except
at the point of tangency), so the approximation found in part (a) is an underestimate. [LO 2.1D/EK 2.1D1, LO
2.2A/EK 2.2A1] In part (c) an alternate model, G, is proposed for the internal temperature of the potato at times

> 0 for all times ¢. Thus,

t <10. G(¢) is measured in degrees Celsius and satisfies the differential equation % =—(G- 27)2/ > with

G(0) = 91. Students were asked to find an expression for G(¢) and to find the internal temperature of the potato

at time ¢ = 3 based on this model. Students needed to employ the method of separation of variables, using the

initial condition G(0) = 91 to resolve the constant of integration, and arrive at the particular solution

12—t
3

G(3) = 54 degrees Celsius for the potato at time ¢ = 3. [LO 3.5A/EK 3.5A2] This problem incorporates the

following Mathematical Practices for AP Calculus (MPACs): reasoning with definitions and theorems, connecting
concepts, implementing algebraic/computational processes, building notational fluency, and communicating,.

3
G(t) =27+ ( ) . Students should then have reported that the model gives an internal temperature of

Sample: 4A
Score: 9

The response earned all 9 points: 3 points in part (a), 1 point in part (b), and 5 points in part (c). In part (a) the
student earned the first point for the slope with —%(91 —27). The second point was earned for the tangent line
A(t) =—16(¢ — 0) + 91. Note that the student names the tangent line A4(#) and is not penalized. The third point

was earned for the approximation 43. Either of the numerical expressions —16(3) + 91 or —48 + 91 would have

earned the third point. The student chooses to simplify and does so correctly. In part (b) the student has the correct
answer of “underestimate” and supports the answer with correct reasoning. The student has the correct second
derivative in line 2 on the left and states that the second derivative is always positive in line 2 on the right. The

© 2017 The College Board.
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Question 4 (continued)

student earned the point. In part (c) the student earned the first point for separation in line 2. The antiderivatives
are correct in line 4 and earned the second point. The third point was earned for the constant of integration and use
of the initial condition in lines 8 and 9. The fourth point was earned in line 12 for an equation involving G and ¢
and a correct numerical value for C. As an aside, the fourth point could have been earned with an implicit

3
equation such as (G — 27)1/3 = 123—_t The fifth point was earned for G(¢) :(—% + 4) + 27 inline 12 along

with 54 in line 4 on the right. Any of the three numerical expressions in lines 1, 2, and 3 on the right together with

3
correctly.

3
G(1) =(—£ + 4) + 27 in line 12 would have earned the fifth point. The student chooses to simplify and does so

Sample: 4B
Score: 6

The response earned 6 points: 3 points in part (a), no point in part (b), and 3 points in part (c). In part (a) the
student earned the first point for the slope with —%(91 —27). The second point was earned for the tangent line

y — 91 =—16¢. The third point was earned for the approximation 43. Either of the numerical expressions

—16(3) + 91 or —48 + 91 would have earned the third point. The student chooses to simplify and does so

correctly. In part (b) the student’s answer of “underestimate” is correct, but the reason is based on an incorrect
second derivative in line 3 on the left. The student did not earn the point. In part (c) the student earned the first
point for separation in line 1. In line 2 the student drops a negative sign, so the second point for correct

antiderivatives was not earned. Line 2 should have been: -3(G — 27)1/ 3 =t + C. The student’s equation

involving antiderivatives is eligible for the remaining 3 points. In line 3 the third point was earned for the constant
of integration and use of the initial condition. In line 7 the fourth point was earned for an equation involving G
and ¢ together with the consistent numerical value for C. The fifth point was not earned because, although the
answer is consistent with the work, the student’s value of G(3) is out of the context of the problem because

152 > 91.

Sample: 4C
Score: 3

The response earned 3 points: 3 points in part (a), no point in part (b), and no points in part (c). In part (a) the
student earned the first point for the slope with —%(91 —27) inline 1 on the left. The second point was earned

for the tangent line H — 91 =—16(¢). Note that the student uses H in place of y in the tangent line and is not
penalized. The third point was earned for the approximation 43. Either of the numerical expressions —16(3) + 91
or —48 + 91 would have earned the third point. In part (b) the student’s answer of “underestimate” is correct, but

the reason is based on an incorrect second derivative of —%. The student did not earn the point. In part (c) there is

no separation of variables, and thus, no points were earned.
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Question 5
@ fx) =D 21 /)
(Zx - Tx + 5)
, =3)(5 15
f(3) — ( )( ) 5 — _T
(18 -21+5)
() f(x)= —23(4x =) >=0=x= % 1 : x-coordinate
(2x = Tx + 5) 2 : 4 1 : relative maximum
The only critical point in the interval 1 < x < 2.5 has x-coordinate % with justification
f' changes sign from positive to negative at x = %
Therefore, f has a relative maximum at x = %
0 . 3 ) 1 o
(c) I f(x)dx = lim | —————dx= lim - dx 1 : antiderivative
3 b Js 2x° —Tx+5 boowoJs \2x =5 x -1 . .
, ) 3: 4 1:limit expression
= lim [In(2x - 5) - In(x - 1)|_ = lim [m(zx - 5)} I : answer
b—0 5 b x—1/1s
L 2b-5\ . (5\]_ w3 (8
= bli)ngo[ln( 51 ) ln(4):| =1In2 1n(4) = ln(s)
(d) f is continuous, positive, and decreasing on [5, 00). 2 : answer with conditions
> 3
The series converges by the integral test since j —5————_dx
5 2x°=Tx+5
converges.
— OR —
3 1
—————>0and — >0 for n > 5.
2n” =Tn+5 n
3
2 e 0]
Since lim 2n” =Tn+S _ 3 and the series ZL converges,
n—00 1 2 2
2
S 3
the series » ——————— converges by the limit comparison test.
,,Z:; 2n® —Tn+5 ey
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NO CALCULATOR ALLOWED
5. Let f be the function defined by f(x) = E__37TS
X — Ix

(a) Find the slope of the line tangent to the graph of fatx = 3.

£ty=3 (2"~ 'N*S\
L= =3 {1x “7%*3\ (Ax-‘l\) | ; .

/(D)= 3 (4H-D _ =15 s
UCED O R G A

(b) Find the x-coordinate of each critical point of f in the interval 1 < x < 2.5. Classify each critical point as
the location of a relative minimum, a relative maximum, or neither.. Justify your answers.

O= £00 /a 0= -5(Ay QN £ £
O ia _é(.A )(—"'13 4 + -
(2 W*ﬂl —s 0= (2* ,:W&s\

LN

(1y =5 (2x=1) O= (—zyh'na—cg\
= '(Zx 5\( -1 -
x//,a?—;—/ ey

Y= % 3 O o Ree, Mo wveney b Louse £ (y\ )mg -(;-s"m QOS('\’\\W_
+§) (\3_3)3\'\%

'Jspioq Iy puoAaq LM 10U O]
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NO CALCULATOR ALLOWED 6 ﬁz
)

2 1 o
) I evaluate L f(x) dx or show that the integral

c) Using the identity that = -
il 8 4 2x° —Tx+5 2x-—=95 x—

diverges. o
J:g(ﬂ&'-‘ X T TR Y

e A% S X~
%‘\i\){lgt Z:x—s = = | e -5\ ”\“\KT:\‘\XY\S
3@“%(\ﬂ (25 -0tk )= (i 2651
=y (in |22\ - (10 22))
= o\ B2 - \W NI« o)
(d] Deieemins whcihes 65668 S, s+ ecriveages or divesges: Stite the condifions of he teit

‘ o ne 52n —Tn+5 L
used for determining convergence or divergence. -K‘(\JVQ3\{1\\ "\'LS‘\‘

nce £OOW J‘*‘ 3 ) s
Zownnums d&mﬂé\hﬁ s 2-TxAS A = \Y\h\ \“('&}
anad ?Cm’t\% - 3
o0 Thae \W\O('\w\\». seorad o e A)( Convesags
S )ww 3 '\\FL« W T \ imiw
sk N e +o R NG, LIRS
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3

5. Let f be the function defined b x) 5 —m———.
£ VI = 2 e

(a) Find the slope of the line tangent to the graph of f at x = 3,

. %
£') = __(‘57(“ )
(ax>-1x+5)"
\ -3 (\-T)
Py S
(\T-2145)°

(b) Find the x-coordinate of each critical point of f in the interval 1 < x < 2.5. Classify each critical point as
the location of a relative minimum, a relative maximum, or neither. Justify your answers,

]
- 1%+ % - kD) 20

(,axg"?mﬁ)a Jou B

2]
B &

£ ) =

(3y *-Txx5) =0

(2x-5)x-1) =0
x‘,’.é x=1
5

. 'z S o
relofive potium
be copse £ Chonges
fom Po&‘ﬂ% o YR ahvt
ok thod pint
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NO CALCULATOR ALLOWED

Do not write beyond this border.

2 1
(c) Using the identity that — evaluate I: f(x) dx or show that the integral

22 — Tx+5 2%=5 =x

diverges.
wo o Y2 gy f‘o ' dy
Lalid 2AX-5 5 X~

!
\irn {miax-st 3 m\x-ll}:

o >ad

i (n13b-5f - tnlp-1) ~n5 -In4  one

>0

ANerges

@0

(d) Determine whether the series z ﬁ converges or diverges. State the conditions of the test
n=5 &N — n+

used for determining convergence or divergence.

2 _L
—_— 5%
3 ! A "‘"—"'
— = v b i\
ane-Tn+s 20 %
= ___.E————- - ’5..
an-5 n-l “

b,

—3-—\n\8;‘r\- 5\ « —% W A \5
2
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1O not write beyonda this border.

=1 e

ey

A

NO CALCULATOR A

3

5. Let f be the function defined b X) = —
f y fx) 2% =Tz %5 g~ LT

(2) Find the slope of the line tangent to the graph of fat x = 3.
4 - (Lf %-7 >
)

' 2>
(2x¢™-Y 45)

Mr(x:f‘ Ltll“ﬂ =
@1-r300)°

(b) Find the x-coordinate of each critical point of fin the interval 1 < x < 2.5. Classify each critical point as
the location of a relative minimum, a relative maximum, or neither. Justify your answers.

~3(4-#)~0 @’Vqtff_f_%
Wt 2

= |24 il =& - ‘
L “
(2 f{‘od”"ﬁ— MOy maam 'éécwgg_
£ g "vaasmj o +he EL
O.V\l J—ocrau-w/ fo eve rigk o,
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Do not write beyond this border.

2

(c) Using the identity that =
) . 4 2% —Tx+5 2x—5

diverges.

1 .
g evaluate J: f(x) dx or show that the integral
|

2 : 9 = 3
(d) Determine whether the series Z 3
n=3 n- =

used for determining convergence or divergence.

o0

A
@7) Teilin-
bﬂ*’%&a_

2 g
Z 'Zmz' ?—n‘fr
g :

converges or divergés. State the conditions of the test

c.}»'\/t/}&f.
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Question b
Overview

3
2xr —7x+5
slope of the line tangent to the graph of f at x = 3. Students needed to differentiate /" and find the slope of the
line tangent to the graph of f at x = 3 by evaluating f'(3). [LO 2.3B/EK 2.3B1] In part (b) students were asked
to find the x-coordinate of each critical point of f in the interval 1 < x < 2.5 and to classify each critical point as
the location of a relative minimum, a relative maximum, or neither, justifying these classifications. Students
should have observed that f is differentiable on 1 < x < 2.5 and found that f”(x) = 0 has just one solution,

x = %, in this interval. Then students needed to determine that f has a relative maximum at x = % by noting

In this problem the function f is defined by f(x) = . In part (a) students were asked to find the

that /' changes sign from positive to negative at the critical point x = % [LO 2.2A/EK 2.2A1] In part (c)

o0
students were given the partial fraction decomposition for f(x) and asked to evaluate J; f(x) dx or to show
that the integral diverges. Students should have expressed the given improper integral as a limit of proper
b
integrals, blim L f(x) dx, and used the partial fraction decomposition for f(x) to find that
—00

2b -5
b-1

b
[ £(x)dv =1n(2b = 5) ~In(b = 1) = (In 5 ~ In 4) = ln( ) - ln(%). Applying limit theorems, students

5
[LO 1.1C/EK 1.1C1-1.1C2, LO 3.2D/EK 3.2D1-3.2D2] In part (d) students were asked to determine whether the
e 0]
series z f(n) converges or diverges, stating the conditions of the test used for this determination. Students
n=>5
needed to combine the results of part (¢) with the integral test or use a limit comparison test to the convergent

needed to take the limit of this expression as b — o0 to find that the improper integral converges to In (§) .

o0 o0

p-series Z% to find that the series z f(n) converges. For either test, students should have observed that the
n=5"M n=3

necessary conditions hold, namely that f is continuous, positive, and decreasing on [5, o0). [LO 4.1A/EK 4.1A6]

This problem incorporates the following Mathematical Practices for AP Calculus (MPACS): reasoning with
definitions and theorems, connecting concepts, implementing algebraic/computational processes, building
notational fluency, and communicating.

Sample: bA
Score: 9

The response earned all 9 points: 2 points in part (a), 2 points in part (b), 3 points in part (c), and 2 points in
part (d). In part (a) the student earned both points by presenting a correct expression for f”(x) and evaluating it

correctly at x = 3, arriving at the value of —%. The student does not need to simplify the numerical expression
—3(43)-7)

N 2

(23 -7(3) +5)

student earned both points with the sentence at the bottom. In this sentence the x-coordinate is correctly identified,

to earn the points. The student chooses to simplify and does so correctly. In part (b) the
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Question 5 (continued)

the critical point is correctly classified as a relative maximum, and the student’s justification is correct. In part (c)
the student earned the antiderivative point with the correct expression presented on the right side of the second
line. The limit expression point was earned with the expression on the left side of the second line. The student

4

In part (d) the student earned both points for using the integral test to conclude that the given series converges and
for stating the conditions for the integral test on the left side of the page.

earned the answer point at the end of the last line. The expression In(2) — In (i) does not need to be simplified.

Sample: bB
Score: 6

The response earned 6 points: 2 points in part (a), 2 points in part (b), 2 points in part (¢), and no points in part (d).
In part (a) the student earned both points by presenting a correct expression for f'(x) and evaluating it correctly

at x = 3, arriving at the value of —%5. The student does not need to simplify the numerical expression
-3(12-7)

(18 - 21+ 5)°

earned both points with the boxed sentence in the lower left corner. In this sentence the x-coordinate is correctly

identified, the critical point (which is identified in the work in the upper right corner) is correctly classified as a

relative maximum, and the student’s justification is correct. In part (¢) the student earned the antiderivative point

in the second line. The limit expression point was earned in the first line. The student does not determine the

value of the limit correctly and did not earn the answer point. In part (d) the student does not draw any conclusion
about the convergence of the given series, so no points were earned.

to earn the points. The student chooses to simplify and does so correctly. In part (b) the student

Sample: 5C
Score: 3

The response earned 3 points: 2 points in part (a), 1 point in part (b), no points in part (c), and no points in part

(d). In part (a) the student earned both points by presenting a correct expression for f'(x) and evaluating it

correctly at x = 3, arriving at the value of —%. The student does not need to simplify the numerical expression
-3(12-7)

(2:9-7-3+5)

to earn the points. The student chooses to simplify and does so correctly. In part (b) the

student earned the first point for identifying x = % as the x-coordinate of the critical point. The student does not

provide sufficient justification for the classification of a relative maximum. The justification discusses the
behavior of f as “increasing to the left and decreasing to the right” rather than focusing on the sign change of f”
at x = % Thus, the second point was not earned. In part (c) the student does not evaluate the integral, so no
points were earned. In part (d) the student makes an incorrect claim about the convergence of the series without
any support for the conclusion. No test is used, and no conditions are stated. The student did not earn any points.
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Question 6
(a) £(0)=0 1: £"(0), £"(0), and £ (0)
f(0) =1 319 1 : verify terms
f1(0) =-1(1) = -1 1 : general term
f"0)=-2(-1)=2
790 = -3(2) = -6
The first four nonzero terms are
O+1x+_—1x2 +£x3 +_—6x4 =x—ﬁ+ﬁ—ﬁ
2! 3! 4! 2 3 4
_\ntlon
The general term is (l)—x
Q0 (_1 n+l
(b) For x =1, the Maclaurin series becomes ZT 2 : converges conditionally
n=l with reason

The series does not converge absolutely because the harmonic series
diverges.

The series alternates with terms that decrease in magnitude to 0, and
therefore the series converges conditionally.

X 2 3 4 1 n+1 P
(c) Ixf(t)dt= PR Y S AN Gl S S 1 : two terms
0 2 3 4 n .
0 3 : 4 1:remaining terms
[ B A N A B A s (_1)n+1 o+ . 1=x 1 : general term
|2 32 4.3 5.4 (n+1)n .
t=
2 3 4 5 n+l _n+l
ESNNS SUN N S o) N S
T2 76 "2 207 T mrn
(d) The terms alternate in sign and decrease in magnitude to 0. By the 1 : error bound
alternating series error bound, the error P4(%) - g(%) is bounded
- (1/2)°
by the magnitude of the first unused term, |— 0 |

_ 11
~32.20 500°

Thus,

o)l
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f(0)=0
F'(0) =1

f("+1)(0) = _n-f(")(O) forall n 21

6. A function f has derivatives of all orders for —1 < x < 1. The derivatives of f satisfy the conditions above.
The Maclaurin series for f converges to f(x) for |x| < 1.
2 x3 x4

(a) Show that the first four nonzero terms. of the Maclaurin series for f are x — % + 3" and write the

general term of the Maclaurin series for f.

. o) "o (0 )
The Maclaunin series P = 1{“’) " "{Tx ¥ j?._ﬂ_) 2 i‘;%.)x’ *;f—'(—ogf'f

4!
)
e BT m
nt
@3 :&‘0);0: jl(°)=" in(o)o‘__ < o8 j",(O) %0 j(‘c)(o)=.6 .
2 3
)= i © -l a 2 3 - G ¢ - 2 X
e ST oy ek Ramp R ol el TR
-1) g -
The nth tem . FEO) 4. - 0 i ™™ s
’ Foe- i S e = . Y2l =
nt nt 1
n-' "
-t
this s the }ener\u{ term: )7 x
n

(b) Determine whether the Maclaurin series described in part (a) converges absolutely, converges
conditionally, or diverges at x = 1. Explain Jour rea)anqing.
t

ot 3=\, the series s ¥ LU
nzl

@ Peamse A |20 20, [l [l for wt omoo
{'g %c a,lee;nah‘«r? series. cort 976'206 ‘%camsm , &t wnvc’y&.f‘
® Howerver, b IL::‘—I] 2 =ik e  Fnown o(;wer;h?_

n=\ F1

ha/rmméc Leries ;

Sy the wigim( Mac lawrin Series convenge; caw(vmmlf»}

>
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6A. 6A,

Do not write beyond this border.

(c) Write the first four nonzero terms and the general term of the Maclaurin series for g(x) = I: f(t) dr.
o o . 1 2 3 _!_ Q_ 1 Ny . o
g.cx) Sbj(-t)d*- fu- gn m ® S SO EER ) I g s o

( }(0)7—0)

1 1
(d) Let P"[E] represent the nth-degree Taylor polynomial for g about x = 0 evaluated at x = > where g is
the function defined in part (c). Use the alternating series error bound to show that

1 1
&(5] - g['z‘ <500

1 -
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f(0) =
f0) =1

f("+1)(0) = p ~f(”)(0) forall n > 1

6. A function f has derivatives of all orders for —1 < x < 1. The derivatives of f satisfy the conditions above.
The Maclaurin series for f converges to f(x) for |x| < 1.

2 3 4
(a) Show that the first four-nonzero terms of the Maclaurin series for f are x — x? + % - %, and write the
general term of the Maclaurm series for f. ' ~h) ,} :
260 PR = ( 0)=(
’3%0 Y S’hf-c;’ - G

"“\J N‘J-’ / =%
o) 5 (0=
=i N S(d)(O):_ VE /=)

(b) Determine whether the Maclaurin series described in part (a) converges absolutely, converges
conditionally, or diverges at x = 1. Explain your reasoning.
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Do not“write beyond this border.

(c) Write the first four nonzero terms and the general term of the Maclaurin series for g(x) = J‘o\ () ar.

' Non
=g 7+ N Y
Z o M =ero
o= Sor CO LS B

§ o T e .
{}C]CX\)— a ) +).2 26

1 1
(d) Let E’(E] represent the nth-degree Taylor polynomial for g about x = 0 evaluated at x = 5 where g is

4

the function defined in part (c). Use the alternating series error bound to show that

1 1 1
3)-o(3)| <

=2 3 .y
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écC | NO CALCULATOR ALLOWED ¢C,
f(0) =
£ =1

F*00) = —n-f™(0) forall n > 1

6. A function f has derivatives of all orders for —1 < x < 1. The derivatives of [ satisfy the conditions above.

The Maclaurin series for f conve; for x| < L
2 B0 x4
(a) Show that the first four nonzero terms of the Maclaurin series for fare x — > + - e and write the

general term of the Maclaurin series for £,

! a "y :
Mee Lay rin RS S ij (C))
ek

(b) Determine whether the Maclaurin series described in part (a) converges absolutely, converges
conditionally, or diverges at x = 1. Explain your reasoning.
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6 CL NO CALCULATOR ALLOWED

o

(c) Write the first four nonzero terms and the general term of the Maclaurin series for g(x) = on (1) dt.

P X"
TNl

~

N A W \n\_‘:“rS 5
\{\\” (\XB _ X3 X

' Q. E N

1 : 1
(d) Let P"(E] represent the nth-degree Taylor polynomial for g about x = 0 evaluated at x = > where g is

the function defined in part (c). Use the alternating series error bound to show that
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AP® CALCULUS BC
2017 SCORING COMMENTARY

Question 6
Overview

In this problem students were presented with a function f that has derivatives of all orders for —1 < x < 1 such
that £(0) =0, f'(0)=1, and f"*D(0)=—-n-£"(0) forall n > 1. Itis also stated that the Maclaurin series

for f converges to f(x) for |x| < 1. In part (a) students were asked to verify that the first four nonzero terms of

2 3 4
the Maclaurin series for f are x — L 42 X andto write the general term of this Maclaurin series. The nth-

2 3 4
. . f0) , , .
degree term of the Taylor polynomial for f about x = 0 is e f(0)=0 and f'(0) =1 are given, and

the given recurrence relation for "*(0) can be readily applied to see that f"(0) = =1, f""(0) = 2,
F®(0) = -6, and 1 M(0) = (=1)"*"(n —1)!. Using these derivative values, students needed to confirm that the

1\t n
first four nonzero terms of the Maclaurin series for f are as given, and that the general term is (I)Tx
[LO 4.2A/EK 4.2A1] In part (b) students were asked to determine, with explanation, whether the Maclaurin series
for f converges absolutely, converges conditionally, or diverges at x = 1. Substituting x = 1, students should
0 (_l)rH—l
have obtained that the Maclaurin series for f evaluated at x =1 is ZT Students needed to conclude that
n=1
this series converges conditionally, noting that the series converges by the alternating series test and that
0 1 n+l
3 (=D
n

n=l1

is the divergent harmonic series. [LO 4.1A/EK 4.1A4-4.1A6] In part (c) students were asked to find

the first four nonzero terms and the general term of the Maclaurin series for g(x) = _[: f(¢) dt. Students needed
to find these terms by integrating the Maclaurin series for f term-by-term. [LO 4.2B/EK 4.2B5] In part (d) using
the function g defined in part (c), the expression P, (%) represents the nth-degree Taylor polynomial for g about

x = 0 evaluated at x = % Students were directed to use the alternating series error bound to show that

174(%) - g(%)‘ < 5—(1)0 Students may have observed that the terms of the Taylor polynomial for g about x = 0,

alternate in sign and decrease in magnitude to 0. Thus, the alternating series error bound can
D) (L) o] /2
ol <=

Al3)-el3] <

20
than 5—(1)0 [LO 4.1B/EK 4.1B2] This problem incorporates the following Mathematical Practices for AP Calculus

(MPAC:S): reasoning with definitions and theorems, connecting concepts, implementing algebraic/computational
processes, building notational fluency, and communicating.

evaluated at x = %,

= showing that the error in the approximation is less

be applied to see that =37.20°
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AP® CALCULUS BC
2017 SCORING COMMENTARY

Question 6 (continued)

Sample: 6A
Score: 9

The response earned all 9 points: 3 points in part (a), 2 points in part (b), 3 points in part (c), and 1 point in

part (d). In part (a) the student computes the numerical values of the derivatives in line 3 and earned the first
point. The student uses the derivatives in line 4 to verify the given expression and earned the second point. The
student produces a correct general term in line 5 using —1 with an exponent of »n — 1 rather than » + 1, which is
still correct. The student earned the third point. In part (b) the student correctly uses the alternating series test to
draw a conclusion of converges, identifies the harmonic series as divergent, and draws the correct conclusion of
converges conditionally. The student earned both points. In part (¢) the student produces the first four terms and
earned the first 2 points. The student presents a correct general term using indices of n rather than » + 1 and
earned the third point. In part (d) the student correctly computes the alternating series error and identifies it as the
bound on the error.

Sample: 6B
Score: 6

The response earned 6 points: 1 point in part (a), 2 points in part (b), 3 points in part (c¢), and no point in part (d).
In part (a) the student does not present the numerical values of the derivatives or include a proper verification. The
student did not earn the first 2 points. The student produces a correct general term and earned the third point. The
student is not penalized for using both lower and upper cases for #z in this question. In part (b) the student
correctly identifies the series as the alternating harmonic and the absolute value series as the harmonic. The
student draws the correct conclusion of converges conditionally. The student earned both points. In part (c) the
student produces the first four terms and the general term. All 3 points were earned. In part (d) the student does

not produce the numerical error value to verify that the error is less than SIW The student did not earn the point.

Sample: 6C
Score: 3

The response earned 3 points: 2 points in part (a), 1 point in part (b), no points in part (¢), and no point in

part (d). In part (a) the student computes the numerical values of the derivatives embedded in line 2 and earned
the first point. The student’s use of derivatives in the verification line is correct and earned the second point. The
student does not present a general term, so the third point was not earned. In part (b) the student concludes that the
alternating series converges conditionally, but the student does not explicitly address the series of absolute values
of the terms. The student earned 1 of the 2 points. In part (c¢) the student produces four terms, but only the first
term is correct. The student did not earn either of the first 2 points. The student does not produce a sufficient
general term because line 1 is formulaic. The student did not earn the third point. In part (d) the student correctly

computes the error bound based on the work in part (c) but does not connect Q(%) = ﬁ to the error. The

student did not earn the point.
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